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Abstract 

Let n ^ 3. In this paper, we study the quotient group B„/[P„,P„] of the Artin braid 
group B„ by the commutator subgroup of its pure Artin braid group P„. We show that 
Bn/[Pn,Pn] is a crystallographic group, and in the case n = 3, we analyse explicitly some 
of its subgroups. We also prove that B„/[Pn,Pn] possesses torsion, and we show that there 
is a one-to-one correspondence between the conjugacy classes of the finite-order elements of 
Bn/[Pn, Pn] w/t/z the conjugacy classes of the elements of odd order of the symmetric group 
S„, and that the isomorphism class of any Abelian subgroup of odd order of Sn is realised 
by a subgroup ofB„/[Pn, Pn]- Finally, we discuss the realisation of non-Abelian subgroups 
of Sn of odd order as subgroups of Bn/[Pn,Pn], ^nd we show that the Frobenius group of 
order 21, which is the smallest non-Abelian group of odd order, embeds in Bn/[Pn, Pn] for 
all n'^7. 
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1 Introduction 


Let n e N. Quotients of the Artin braid group has been studied in various contexts, 
and may be used to study properties of itself. It is well known that one such quotient 
is the symmetric group S„, which may be expressed in the form B„/ where 

cr\,... /(Tn-i are the standard generators of B„ (see Section 3), and (X)®" denotes the 
normal closure subgroup of a subset X of B„. Similar quotients of the form B„/ 
where m e N, were analysed by Coxeter in [Co], who showed that this quotient is 
finite if and only if (n, m) e {(3,3), (3,4), (3,5), (4,3), (5,3)}, and computed the quotient 
groups in each case, and by Marin in [Mai] in the case (n, m) = (5,3) with the aim of 
studying cubic Hecke algebras. The Bruimian braid groups Brun„ have been studied in 
coimection with homotopy groups of the 2-sphere [BCWW, LW, O] by considering 
quotients of B„. For example, for all n ^ 3, there exists a subgroup G„ of Brun„ that is 
normal in the Artin pure braid group such that the centre of Bn/G„ is isomorphic to 
the direct product 7 r„(§^) x Z (see [LW, Theorem 1] and [O, Theorem 4.3.4]). 

In this paper, we study the quotient B„/[P„, P„] of B„ for n ^ 3, where [P„, P„] is 
the commutator subgroup of P„. Our initial motivation emanates from the observa¬ 
tion that B 3 /[P 3 , P 3 ] is isomorphic to B 3 /Brun 3 (see [O, Corollary 2.1.4] as well as [O, 
Section 5.2] for other results about B 3 /Brun 3 , and [LW, Proposition 3.9] and [O, Pro¬ 
position 4.3.10(1)] for a presentation of B 3 /Brun 3 ). The quotient B„/[P„,P„] belongs 
to a family of groups known as enhanced symmetric groups (see [Ma2, page 201]) and 
analysed in [T]. It also arises in the study of pseudo-symmetric braided categories by 
Panaite and Staic. They consider the quotient, denoted by PS„, of B„ by the normal 
subgroup generated by the relations = (Ti+iaf^CTi+i for i = 1 , 2 ,..., n — 2 , and 

they show that it is isomorphic to B„/[P„,P„] [PS]. The results that we obtain in this 
paper for B„/[P„, P„] are different in nature to those of [PS], with the exception of some 
basic properties. 

Crystallographic groups play an important role in the study of the groups of iso¬ 
metries of Euclidean spaces (see Section 2 for precise definitions, as well as [Ch, D, W] 
for more details). As we shall prove in Proposition 1, another reason for studying the 
quotient B„/[P„,P„] is the fact that it is a crystallographic group: 

Proposition 1. Let n ^ 2. There is a short exact sequence: 

1 B„/[P„,P„] ^ S„ — 1, 

and the middle group B„/[P„, P„] is a crystallographic group. 

The aim of this paper is to analyse B„/[P„, P„] in more detail, notably its torsion, 
the conjugacy classes of its finite-order elements, and the realisation of abstract finite 
groups as subgroups of B„/[P„,P„]. Since Bi is trivial and B 2 is isomorphic to Z, in 
what follows we shall suppose that n ^ 3. In Section 2, we recall the basic definitions 
and some results about crystallographic and Bieberbach groups. In Section 3, we recall 
some standard information about B„ and P„, and using the fact that the quotient B„/P„ 
is isomorphic to S„, we shall see that B„/[P„, P„] is an extension of the free Abelian 
group Pn/[Pn,Pn] by Sn, and we shall compute the associated action, which will enable 
us to prove it is crystallographic. By analysing the action in more detail, we prove that 
the torsion of B„/[P„, P„] is odd: 
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Theorem 2.1fn^3 then the quotient group B„/[P„,P„] has no finite-order element of even 
order. 

By restricting the short exact sequence involving Bn/[Pn, Pn], P«/[Pn, Pn] and S„ to 
2-subgroups of the latter (see equation (9)), we are able to construct Bieberbach groups 
of dimension n{n — l )/2 (which is fhe rank of Pn/[Pn, Pw]), and show fhaf there exist flat 
manifolds of fhe same dimension whose holonomy group is fhe given 2 -subgroup (see 
Theorem 16). 

In Section 4, we analyse fhe forsion of B„/[P„, P„] in more defail. In order fo do so, 
we shall make use of fhe induced action of cerfain elemenfs ocQ^r of B„/[P„,P„], where 
2 < r ^ n, on the basis of Pm/[Pm,Pm]. The sfrucfure of the corresponding 

orbits is very rigid, and allows us to express the existence of elemenfs of B„/[P„,P„] of 
order n in ferms of fhe exisfence of solutions of a cerfain linear sysfem. If will follow 
from this that B„/[P„, P„] has infinitely many elements of order n (see Proposition 19). 
We then show that if 1 < n ^ m, fhe sfandard injective homomorphism of B„ in B„, 
induces a injective homomorphism of B„/[P„, P„] in B;„/[P„„ Pm]'- 

Theorem 3. Let m and n he integers such that 2 < n < m. 

(a) Consider the injective homomorphism l\ Bn —>■ B^ defined by /(U;) = at for all 1 < z < 
n — 1. Then the induced homomorphism 7: B„/[P„, P„] —> Bm/[Pm, Pm] of the corresponding 
quotient groups is injective. 

(b) Ifn ^ 3 and n is odd then Bm/[Pm/ Pm] possesses elements of order n. Further, there exists 
such an element whose permutation is an n-cycle. 

(c) Let ni,n 2 ,...,nt be odd integers greater than or equal to 3 for which XiLi ^ T^on 
Bm/[Pm, Pm] posscsses elements of order lcm(ni, ... ,nt). Further, there exists such an element 
whose cycle type is (ni,..., nt). 

Parf (b) follows from parf (a) and Proposition 19. In fhe course of fhe proof of The¬ 
orem 3, we shall see fhaf fhe direcf producf of fhe groups of fhe form B„y [P„^., P„J injecfs 
info Bm/[Pm, Pm], which will enable us fo prove parf (c). One consequence of Theorems 2 
and 3 is fhe characferisafion of fhe forsion of B„/[P„, P„] as fhaf of fhe odd forsion of fhe 
symmefric group S„: 

Corollary 4. Let n ^ 3. The torsion of the quotient B„/[P„, P„] is equal to the odd torsion 
of the symmetric group Sn- Moreover, given an element 6 s Sn of odd order r, there exists 
f s Bn/[Pn,Pn] of Order r such that u(/3) = 6. So given any cyclic subgroup H of Sn of odd 
order r, there exists a finite-order subgroup H of Bn/[Pn,Pn] such that P{H) = H. 

In Section 5, we focus on the simplest non-trivial case, that of B 3 /[P 3 , P 3 ], and we 
describe fhe sfrucfure of the preimages of the subgroups of S 3 under fhe induced ho¬ 
momorphism B 3 /[P 3 , P 3 ] —> S 3 . In fhe cases where these preimages are Bieberbach 
groups, we describe the corresponding flat 3-manifold. We also carry ouf fhis analysis 
for fhe group B 3 /[P 3 , P 3 ] ifself, and identify if in fhe infemafional fables of crysfallo- 
graphic groups given in [BBNWS, HL], as well as for fhe quofienf of B 3 /[P 3 , P 3 ] by the 
subgroup generated by the class of fhe full-twisf braid. 

In Section 6 , we sfudy fhe conjugacy classes of the elements and the cyclic subgroups 
of B„/[P„,P„]. This is achieved in Propositions 27, 28 and 29 by sfudying in defail the 
action of cerfain elemenfs ^ (the latter being a generalisation of Xr,o) on the 
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basis Pn/[Pn,Pn]- It is Straightforward to see that if any two elements 

of Bn/[Pn, Pn] are conjugate then their permutations have the same cycle type, and the 
use of these propositions and a specific product of certain enables us to prove the 
converse: 

Theorem 5. Let n 3, d'yid tet L 3 t^e odd. *_/too ete'j'f^e'yits order L ore 

conjugate if and only if their permutations have the same cycle type. Thus two finite cyclic sub¬ 
groups o/B„/[P„,P„] of order k are conjugate if and only if their images under a are conjugate 
in Sn- 

Consequently, given n ^ 3, we may determine the number of conjugacy classes of 
elements of odd order k in B„/[P„, P„]. 

From Lemma 9, it follows that the set of isomorphism classes of the finite subgroups 
of B„/[P„, Pn] is contained in the corresponding set of finite subgroups of S„ of odd or¬ 
der. One may ask whether this inclusion is strict or not. As we shall see in Corollary 4, 
any cyclic subgroup of S„ of odd order is realised as a subgroup of B„/[P„, P„]. Com¬ 
bining Theorem 3(c) with a result of [Ho], this result may be extended to the Abelian 
subgroups of Sn'. 

Theorem 6. Let n ^ 3. Then there is a a one-to-one correspondence between the isomorphism 
classes of the finite Abelian subgroups ofBn/[Pn, Pn] ^^d the isomorphism classes of the Abelian 
subgroups of Sn of odd order. 

In Section 7, we turn our attention to what is probably a more difficult open prob¬ 
lem, namely the realisation of finite non-Abelian groups of S„ as subgroups of the group 
Pm/[P«/Pw]- As a initial experiment, we consider the smallest value oi n, n = 7, for 
which Sn possesses a non-Abelian subgroup of odd order. This subgroup is isomorphic 
to the Frobenius group of order 21 that we denote by J-. We show that J- is indeed 
realised as a subgroup of B 7 /[P 7 , P 7 ]. 

Theorem 7. The quotient group B 7 /[P 7 , P 7 ] possesses a subgroup isomorphic to the Probenius 
group T. 

It then follows from Theorem 3 that T is realised as a subgroup of B„/[P„, P„] for all 
n ^ 7. In Proposition 35, we prove that B 7 /[P 7 , P 7 ] admits a single conjugacy class of 
subgroups isomorphic to T. We remark that we do not currently know of an example 
of a subgroup of odd order of S„ whose isomorphism class is not represented by a 
subgroup of B„/[P„, P„]. 
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2 Crystallographic and Bieberbach groups 

In this section, we recall briefly the definition of crystallographic and Bieberbach groups, 
and we characterise crystallographic groups in terms of a representation that arises 
from certain group extensions whose kernel is a free Abelian group of finite rank and 
whose quotient is finite. We also review some results concerning Bieberbach groups 
and the fundamental groups of flat Riemannian manifolds. For more details, see [Ch, 
Section 1.1.1], [D, Section 2.1] or [W, Chapter 3]. From now on, we identify Aut(Z") 
with GF(n, Z). 

Definition. A discrete and uniform subgroup IT of M” x 0(n, R) c Aff(R”) is said to 
be a crystallographic group of dimension n. If in addition 11 is torsion free then 11 is called 
a Bieberbach group of dimension n. 

Definition. Fet <I> be a group. An integral representation of rank n o/O is defined to be a 
homomorphism 0: <I> —> Aut(Z”). Two such representations are said to be equivalent 
if their images are conjugate in Aut(Z”). We say that © is a faithful representation if it is 
injective. 

The following characterisation of crystallographic groups seems to be well known 
to the experts in the field. Since we did not find a suitable reference, we give a short 
proof. 

Femma 8 . Let II be a group. Then 11 is a crystallographic group if and only if there exist an 
integer n e N and a short exact sequence 

0-^ Z”-- n —^ O--1 (1) 


such that: 

(a) O is finite, and 

(b) the integral representation 0: O —> Aut(Z”), induced by conjugation on Z” and defined 
by ©{(p){x) = TZXTZ~^, where x s Z”, cp s <1 and n ell is such that ^{n) = cp, is faithful. 

Definition. If n is a crystallographic group, the integer n that appears in the state¬ 
ment of Femma 8 is called the dimension of IT, the finite group 0 is called the holonomy 
group of n, and the integral representation 0: 0 —> Aut(Z”) is called the holonomy 
representation of II. 

Proof of Lemma 8. Fet <1> and 11 be groups, and suppose that there exist n e N and a 
short exact sequence of the form (1) such that conditions (a) and (b) hold. Assume on 
the contrary that 11 is not crystallographic. The characterisation of [D, Theorem 2.1.4] 
implies that Z” is not a maximal Abelian subgroup of 11, in other words, there exists 
an Abelian group A for which Z” ^ A c n. Fet a e ASjL^. Then ^{a) 1 and 
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0(^(fl))(x) = axa~^ = X for all x € Z". Hence ©(^(fl)) = Id^", which contradicts 
the hypothesis that 0 is injective. We conclude that H is a crystallographic group ot 
dimension n with holonomy 0 . 

The converse follows from the paragraph preceding [Ch, Definition 1.6.2], since the 
short exact sequence (1) gives rise to an integral representation 0: <I> —> Aut(Z”) that 
is faithful by [Ch, Proposition 1.6.1]. □ 

The following lemma will be very useful in what follows. 

Lemma 9. Let G, G' he groups, and let f: G —> G' he a homomorphism whose kernel is tor¬ 
sion free. If K is a finite subgroup of G then the restriction f \k ■ K —> f{K) of f to K is an 
isomorphism. In particular, with the notation of the statement of Lemma 8, if II is a crystallo¬ 
graphic group then the restriction : K —> f{K) of ^ to any finite subgroup Kofll is an 
isomorphism. 

Proof. Since Ker (/) is torsion free, the restriction of / to the finite subgroup K is inject¬ 
ive, which yields the first part, and the second part then follows directly. □ 

Corollary 10. Let 11 be a crystallographic group of dimension n and holonomy group O, 
and let H be a subgroup o/O. Then there exists a crystallographic subgroup ofH of dimension 
n with holonomy group H. 

Proof. The result follows by considering the short exact sequence (1), and by applying 
Lemma 8 to the subgroup (H) of H. □ 

Definition. A Riemaimian manifold M is called flat if it has zero curvature at every 
point. 

As a consequence of the first Bieberbach Theorem, there is a correspondence between 
Bieberbach groups and fundamental groups of closed flat Riemarmian manifolds (see [D, 
Theorem 2.1.1] and the paragraph that follows it). We recall that the flat manifold de¬ 
termined by a Bieberbach group H is orientable if and only if the integral representation 
0: O —> GL(n, Z) satisfies Im (0) c SO(n,Z). This being the case, we say that H is 
an orientable Bieberbach group. By [W, Corollary 3.4.6], the holonomy group of a flat 
manifold M is isomorphic to the group O. 

It is a natural problem to classify the finite groups that are the holonomy group of a 
flat manifold. The answer was given by L. Auslander and M. Kuranishi in 1957. 

Theorem 11 (Auslander and Kuranishi [W, Theorem 3.4.8], [Ch, Theorem IIL5.2]). Any 
finite group is the holonomy group of some flat manifold. 


3 Artin braid groups and crystallographic groups 

In this section we prove Proposition 1 and Theorem 2, namely that if n ^ 3 then the 
quotient group B„/[P„, P„] of the Artin braid group by the commutator subgroup 
[Pn, Pn] of its pure braid subgroup P„ is crystallographic and does not have 2-torsion. 
As we shall see in Section 4, B„/[P„, P„] possesses (odd) torsion. We first recall some 
facts about the Artin braid group B„ on n strings. We refer the reader to [Ha] for more 
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details. It is well known that possesses a presentation with generators Ci,... ,cr„_i 
that are subject to the following relations: 

CTjCTj = cTjCTi for all 1 ^ z < y < n — 1 (2) 

a-z+iUjO-j+i = aiai+iai for all 1 < z < n — 2. (3) 

Let a: Bn —>■ Sn be the homomorphism defined on the given generators of Bn by cr{cri) = 
(z, z + 1) for all 1 < z ^ zz — 1. Just as for braids, we read permutations from left to right 
so that if zr, /3 e S„ then their product is defined by a ■ /3(z) = j6(a(z)) for z = 1,2 ,..., zz. 
The pure braid group on zz strings is defined to be the kernel of cr, from which we 
obtain the following short exact sequence: 


1 — Pn — B„ ^ S„ — 1. 

(4) 

A generating set of P„ is given by 


A,j = (Tj-i ■ ■ ■ (Ti+icrfcr-^^ ■ ■ ■ crr\ 

(5) 

Relations (2) and (3) may be used to show that: 


^t,i = • • • c- 

( 6 ) 


It follows from the presentation of P„ given in [Ha] that PH/[Pn, Ph] is isomorphic to 
Z”(””i)/^, and that a basis is given by the Ai j, where 1 < z < J < zz, and where by abuse 
of notation, the [P„, P„]-coset of A;j will also be denoted by A;j. Using equation (4), we 
obtain the following short exact sequence: 


1 —P„/[P„,P„]—B„/[P„,P„] 



(7) 


where W: B„/[P„, P„] —> S„ is the homomorphism induced by cr. This short exact may 
also be found in [PS, Proposition 3.2], 

Since Bi is the trivial group and B 2 /[P 2 , P 2 ] = we shall suppose in most of this 
paper that zz ^ 3. We shall be interested in the action by conjugation of B„ on P„ and 
on Pn/[Pn, Pn]- Recall from [LW, Lemma 3.1] (see also [MK, Proposition 3.7, Chapter 3]) 
that for all 1 < < zz — 1 and for all 1 < z < J ^ zz. 





iik ^ i- l,z,y - l,y 

^i,k+\ 

ify = ic 

^i,k+\'^kk^i,k+\ 

if y = k + 1 and z < k 

^k,k+l 

if y = k + 1 and z = k 

"4z+i,y 

if z = fc < y — 1 


Hi = k + 1. 


So the induced action of B„ on Pn/[Pn, Pn] is given by 




Ai^j iik ^ -l,i 

At,k+\ if; = 

Ai,k if y = k + \ and z < k 

Ak^k+i if y = k + 1 and z = k 
Af+i y if z = < y — 1 

Afcj ifz = fc + l. 


( 8 ) 
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A study of this action now allows us to prove Proposition 1. 


Proof of Proposition 1. Suppose first that n = 2. Since 82 = ^ and [P 2 ,P 2 ] = 1/ we obtain 
B 2 /[P 2 fP 2 ] = B 2 = ^/ and thus the group B 2 /[B 2 , P 2 ] is crystallographic. So assume 
that n ^ 3, and consider the short exact sequence (7). We shall show that the induced 
action cp: Sn —>■ Aut(Z”i”“^)/^) is injective, from which it will follow that the group 
Bn/[Pn, Pn] is crystallographic. Using equation ( 8 ), if 1 ^ z < ; < n, the automorphisms 
induced by the elements Ui and 02 of are given by: 


A; ycq 


1 






if z = 2 and / ^ 4 

^2,7 

if z = 1 and / ^ 3 


^2,7 

if z = 3 and / ^ 4 


if z = 2 and / ^ 3 

1 

and 0 ' 2 Ai^j 0 'f = ■< 

CO 

1 

if z = 1 and / = 2 

^0 

otherwise 


Ai ,2 

if z = 1 and j = 3 




Uoi 

otherwise. 


These automorphisms are distinct and non trivial, so the image Im (cp) of cp possesses 
at least three elements. Applying the First Isomorphism Theorem, the kernel Ker (cp) of 
(p is thus a normal subgroup of Sn whose order is bounded above by nl/3. If n 7 ^ 4, the 
only normal subgroups of S„ are the trivial subgroup, the alternating subgroup and 
Sn itself, from which we conclude that Ker (cp) is trivial as required. Now suppose that 
n = 4. The same argument applies, but additionally, Ker (cp) may be isomorphic to the 
Klein group Z 2 © Z 2 , in which case Im (cp) is of order 6 . But by equation ( 8 ), the action 
of a 3 (r 2 cri on the basis elements of P 4 /[P 4 , P 4 ] is given by: 


Ai ,2 '—A 14 I—> A 34 I—> A 2,3 I—> Ai ^2 and Ai ^3 1 —> A 2,4 '—Ai^ 3 . 


Thus (p(< 7 ' 30 ' 20 'i) is an element of Im (cp) of order 4, so Im (cp) carmot be of order 6 . Once 
more we see that Ker (cp) is trivial, and thus the associated integral representation is 
faithful for all n ^ 3. It then follows from Lemma 8 that the group B„/[P„, P„] is crys¬ 
tallographic. □ 

Using Proposition 1 and Corollary 10, we may produce other crystallographic groups 
as follows. Let H be a subgroup of S„, and consider the following short exact sequence: 


[Pfi/ Pn] 


Hn 


H 


(9) 


induced by that of equation (7), where Hn is defined by: 


H 


n 


[Pn/ Pn] 


( 10 ) 


The following corollary is then a consequence of Corollary 10 and Proposition 1. 

Corollary 12. Let n ^ 3, and let H be a subgroup of Sn- Then the group Hn defined by 
equation (10) is a crystallographic group of dimension n{n — l)/2 with holonomy group H. 

Our next goal is to prove Theorem 2, that the quotient groups B„/[P„, P„] do not 
have 2 -torsion. 
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Proof of Theorem 2. Let n ^ 3. Suppose on the contrary that there exists f e Bn whose 
[Pn, Pn]-coset, which we also denote by /3, is of even order in By taking 

a power of /3 if necessary, we may suppose that /3 is of order 2 in B„/[P„, P„]. Since 
Pn/[Pn,Pn] is torsion free, it follows that /3 e Bn\Pn- Conjugating /3 by an element of B„ 
if necessary, we may suppose that cr{f) = (1,2) (3,4) ■ ■ ■{k,k + 1), where 1 < < n — 1 

and k is odd. Thus e P„. Let a = Then (r(/3) = cr{a), thus N = fa.~^ 

belongs to P„, and so: 

= {Naf = N. aNci~'^. (11) 

in Pn/[P«,Pn] because /3^ e Pn- Further, of- = Ai^ 2 ^ 3,4 • • • 4l;cy+i/ = Ai ^2 by 

equation (8), and ifl<r<s<n then by equation (8), a.Ar^s‘>^~^ = Ai^2 hi B„/[P„,P„] 
if and only if (r, s) = (1,2). In particular, if we express N (considered as an element 
of Pw/[P«, P«]) using the basis ^rid if r is the coefficient of Ai ^2 iri this 

expression then the coefficient of A 12 in the expression for /3^ in equation ( 11 ) is equal 
to 2r + 1 , which contradicts the fact that /3^ is trivial in Pm/[Pw, Pm], and the result follows. 

□ 

Remarks 13. Let n ^ 3. 

(a) Theorem 2 generalises [PS, Proposition 3.6], where it is shown that there is no ele¬ 
ment Bm/[Pm, Pm] of order two whose image under a is the transposition ( 1 , 2 ). 

(b) Theorem 2 implies that any finite-order subgroup of B„/[P„, P„] is of odd order. 

(c) Applying Proposition 1, Theorem 2 and Lemma 9 to the short exact sequence (7), the 
restriction a\K ■ K —>■ P{K) of a to any finite subgroup K of B„/[Pm, Pm] is an isomorph¬ 
ism. In particular, the set of isomorphism classes of the finite subgroups of BM/[Pn,Pn] 
is confained in the set of isomorphism classes of the odd-order subgroups of Sn- 

As we shall now see, by choosing H appropriately, we may use Corollary 12 to 
construct Bieberbach groups of dimension n{n — l)/2 in B„/[P„,P„]. In Theorem 16, we 
will give a statement for B„/[P„, P„] analogous to that of Theorem 11 in the case that the 
holonomy group is a finite 2 -group. 

Lemma 14. Let n ^ 3, and let H be a 2-subgroup of Sn- Then the group Hn given by equa¬ 
tion (10) is a Bieberbach group of dimension n{n — l)/2. 

Proof Let n ^ 3, and let H be a 2-subgroup of S„. Consider the short exact sequences (7) 
and (9). By Corollary 12, is a crystallographic group of dimension n{n — l)/2 with 
holonomy group H. Since the kernel is torsion free, a respects the order of the torsion 
elements of Hn [GG, Lemma 13]. In particular, the fact that H is a 2-group implies 
that the order of any non-trivial torsion element of Hn is a positive power of 2. On the 
other hand, by Theorem 2, the group B„/[P„, P„] has no such torsion elements, so the 
same is true for H„. It follows that Hn is torsion free, hence it is a Bieberbach group of 
dimension n(n — l )/2 because Pm/[Pm, Pm] = □ 

Remark 15. It is not clear to us whether the family of groups that satisfy the conclu¬ 
sions of Gorollary 12 (resp. of Lemma 14) contains all of the isomorphism classes of 
crystallographic (resp. Bieberbach) subgroups of Bm/[Pm,Pm] of dimension n{n — l)/2. 

Lemma 14 enables us to give an alternative proof of Theorem 11 in the case that the 
finite group in question is a 2 -group, and to estimate the dimension of the resulting flat 
manifold. 
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Theorem 16. Let H be a finite 2-group. Then H is the holonomy group of some flat manifold 
M. Further, the dimension of M may he chosen to be n{n — l)/2, where n is an integer for 
which H embeds in the symmetric group Sn, and the fundamental group of M is isomorphic to 
a subgroup o/B„/[P„,P„]. 

Proof Let H be a finite 2-group. Cayley's Theorem implies that there exists an in¬ 
teger n ^ 3 such that H is isomorphic to a subgroup of Sn- From Lemma 14, Hn is a 
Bieberbach group of dimension n(n — l)/2 with holonomy group H and is a subgroup 
of Bn/[Pn, Pn]- By the first Bieberbach Theorem, there exists a flat manifold M of dimen¬ 
sion n(n — l)/2 with holonomy group H such that 7 ri(M) = Hn (see [D, Theorem 2.1.1] 
and the paragraph that follows it). □ 

For a given finite group H, it is natural to ask what is the minimal dimension of a 
flat manifold whose holonomy group is H. Theorem 16 provides an upper bound for 
this minimal dimension when H is a 2-group. This upper bound is not sharp in general, 
for example if H = Z 2 . 


4 The torsion of the group P„] 


Let n ^ 3. In this section we study the torsion elements of the group B^y(P^,P^]. The 
main aim is to show that if 0 e S„ is of odd order r then there exists f e Bn whose 
[P«/Pw]-coset projects to 6 in S„ and is of order r in Bn/[Pn,Pn] (see Corollary 4). We 
begin by showing that if r is an odd number such that Sn possesses an element of order 
r then B„/[P„, P„] also has an element of order r. By abuse of notation let cr^ = cjnio'k)> 
and let A; y = qn{-^i,j)> where qn ■ Bn —> B„/[P„, P„] is the natural projection. 

Proposition 17. Let n ^ 3, let 1 ^ i < j ^ r ^ n, and let = cricr 2 ■ ■ ■ cy_i e B„/[P„, P„]. 
The following relations hold in B„/[P„, P„]; 


DCQjAijCC 


-1 _ 

0,r “ 


Ai+iq+i if ^ r - 1 

Aiq+i if i = r. 


( 12 ) 

(13) 


Proof We first prove equation (12). Ifl ^ k ^ r — 2 then 


^0,rCT^0,r ~ P’1 ■ ■ ■ Pr—lP)cPj._2 ' ' ' P ’2 — Cq ■ ■ ■ O'k^k+l^k^k+l^k ' ' ’ P"i 

= P’1 ■ ■ ■ P’fc-lP’A:+lP’fcP'fc+lP’P\P’A^^P’P\ ■ ■ ■ P’r^ = P’fc+1- 


1 

So if 1 < i < y < r — 1 then a.QjAiq(x.Q^ = Aj+i by equation (5), which proves 
equation (12). So suppose that j = r. Let 7 = Uz+i ■ ■ ■ P’r- 2 P’^_iP’r -2 ■ ■ ■ P’i+i- Since 7 e 
Pn/[Pn,Pn], we have (Xoj+iT(x~J^-^ e P„/[P„,P„], and thus and 

commute pairwise in Pm/[Pm,P«]. Flence: 

^0,r A;7<Xg j, = CTi ■ ■ ■ C7_2P’j-_i • • • (7-|_x(7 P)_|_2 ■ ■ ■ Pj._xPj-_x ■ ■ ■ Pf = ^Ofi+lT^i T ^0,i+l 

2 -1 -1 
= Ui • • • (Tidfa^ ^ ■ (72 ^ 

= ((72 • • • CTiCTi ■ ■ ■ cri){crf'^ ■ ■ ■ P’^\p’fp’/_2 • • • (72)((72 • • • (7,■(7,- • • • ( 72 )“^ 
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by equation ( 6 ), since the three bracketed terms in the penultimate line belong to the 
quotient Pn/[Pn> Pn] and so commute pairwise. This proves equation (13). □ 

We now apply Proposition 17 to determine the orbits in Pn/[Pn>Pn] for the action 
of conjugation by the element ^ B„/[P„,P„]. If x e R, [xj shall denote the largest 
integer less than or equal to x. 

Corollary 18. Let n ^ 3. The set { e Pn/[Pn,Pn] \ 1 ^ i <; < n} is invariant under 
the action of conjugation by the element otQ^nf there are orbits each of length n given 
by: 


A 


^0,n 


l,j+l '-^2j+2 


^0,n ^0,n 


A 


^0,n 


n—],n 


A 


^0,n 


1 ,«— 7+1 ' * A2^n—i+2 


^0,n 


(14) 


for ; = If n is even then there is an additional orbit of length n/2 given by: 





^0,n 




A 


1 , 


n+2 • 


Corollary 18 plays an important role in the proof of the following proposition, which 
states that if n is odd then the crystallographic group B„/[P„, P„] possesses elements of 
order n. 


Proposition 19. If n ^ 3 is odd then B„/[P„, P„] possesses infinitely many elements of order 
n. 


Proof Let n ^ 3 be odd. For 1 ^ i < (n — l)/2 and 1 ^ < n, let 

\Ai+j_„y ili+i>n. 

By equation (14), the action by conjugation of ocq^^ on the e, y is given by: 


(15) 


^0,n 

C,l '—C ,2 '— 


^0,n ^0,n ^0,n 

' * ^i,n—l ' * ^i,n ' * 


gjyi for i = 1 ,..., (n — l)/ 2 . 


(16) 


In particular, the set 


{n—l)/2, IsSjsSw 


is a basis for PM/[Pn, Pn]- The full-twist braid 


of Bn may be written as (ui • ■ • (r„_i)”, or alternatively as the product YlJ =2 (^ 0^=1 ^i,ij ■ 
This expression contains each of the A; y exactly once, and so Xg „ = ^ 


e,yy m 


l^z^(w-l)/2 

Pn/[Pn,Pn], using additive notation for this group. Let N e Pw/[Pm,Pw], and for 1 ^ z ^ 
(n — l )/2 and 1 ^ j ^ n, let aiy e Z be such that: 


Id 

l^z^(«-l)/2 

Isgj^W 


(17) 
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It follows from equation (16) that for all fc = 0,1,. .., n — 1, 

4,nN‘^o!'n = Tj 

1^/s:(m-1)/2 

where the second index of e/j+fc is taken modulo n. Hence: 

(N • DCQ^nT = N + ocQ^nNaQ^ + pcl^j^Noc-^ + • • • + 


n(n-\)/l / n 




^i'i 


'=1 V=1 / V=1 


n{n-l)/2 ( ( n 


1 </^(m- 1)/2 

i^y^w 


I! S^id + M !!«../ • 


V vy=i 




Thus (N ■ OiQ^nY is equal to the trivial element of Pn/[Pn, Pn] if and only if: 


+ 1 = 0 for all i = 1 ,..., (n — l)/2. (18) 

This system of equations admits infinitely many solutions in Z. For each such solution, 
NoiQ^n is of finite order, and its order divides n. On the other hand, since a{Na.o^n) = 
(1, n, n — 1,..., 2), the order of Nao,^ is at least n. We thus conclude that for any N e 
Pn/[Pn,Pn] given by the expression (17) whose coefficients satisfy the system (18), the 
element NocQ^n is of order n in B„/[P„, P„]. □ 

As we shall now see. Proposition 19 implies part of Theorem 3, namely that if 3 < 
n < m and n is odd then Bm/[Tm/Pm] possesses elements of order n. 

Proof of Theorem 3. Let m and n be integers such that 2 ^ n < m. 

(a) By equation (5), l restricts to an injective homomorphism i\p^ : Pn —>■ Pm given by 
L (Aij) = Ai j for all 1 ^ i < j ^ n. We wish to prove that the induced homo¬ 
morphism 7: B„/[P„,P„] —> Bm/[P»x,Pm] is injective. Since is a subset of 

the basis of POT/[Pm/Pm]/ by regarding the A^ j as elements of the quo¬ 

tient P„/[P„,P„], we see that the restriction 7 \ p „/[ p „, p „] : Pn/[P«,P«] —> Pm/[Pm,Pm] is 
also injective. Using the short exact sequence (7) and the fact that the homomorphism 
L induces an inclusion of Sn in Sm, we obtain the following commutative diagram of 
short exact sequences: 


1 


1 


Pn _^ Pn 

[Pn, Pn] [Pn, Pn] 

Pm Pm 

[Pm, Pm] [Pm, Pm] 


1 


1 . 


The injectivity of i is then a consequence of the 5-Lemma. 
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(b) Suppose that 3 ^ n < m and that n is odd. Proposition 19 implies that P„] 

possesses elements of order n. By part (a), 7 is injective, and so Bm/[Pm, Pm] also has ele¬ 
ments of order n, which proves the first part of the statement. The second part follows 
from the construction given in the proof of Proposition 19. 

(c) Let Hi,... ,nt be odd integers greater than or equal to 3 such that ^ 

let u: B^t —> S^t „ denote the usual homomorphism that to a braid associates 

its permutation, and let Bn-^,...,nt denote the corresponding mixed braid group, namely 
the preimage under a of the subgroup x • • • x 5^ of S^t ^ ^ . We first prove that 
the group Bm/[Pm,Pm] possesses elements of order lcm(ni,.. .,nt). For 1 < 7 < f, let 
^ denote the embedding of B„, into the factor of B„, Since 


(Pi - Pfii ^ 


Pii\Pnir Pm,]) 

_ Bn 

pi- 




B 


ni,n2,...,nt 


, the homomorphism cpi induces a homomorphism 

Bm, 


Now let tpi: B 


be the compos- 


[Pn^^Pn.] [p^, ,P^. ... [Pn,Pn,] 

ition of the projection onto the factor of Bn-^^...,nt> followed by the canonical projection 
Bn 

P^i — Td — Tj~\' Ihls composition, the normal subgroup P^t ^ of Bn 2 ,...,nt Is 


sent to 


[Pm,/ Pm,] 

Pn, 


[PnM' 
trivial element of 
B 


hence the normal subgroup [P^t in-'P^p- jm ] Is sent to the 

Bn, 


[Pm;/ Pm,] 


, from which it follows that ipj induces a homomorphism 


^i- T 




Br 


K 




[Pn,/Pn,] 


From the constructions of cpi and xpj, we see that 


ipi o q)i = IdB^y[p^ ] for all 1 ^ z ^ f, and so the composition 


B 


Kl 


Bnt cpix---x(pt 


B 


ni,n2,...,nf 


ipix---x\pt 


B 


”1 


B 


Mf 


[Pmi/Pmi] 


[Pnt> Prif] 


T!i=\ni'PY!i=\n 


[Pmi/Pmi] 


is the identity. Thus (pi 


(pt is injective, and the composition 


B 


Ml 


[Pni/PnJ 


Bnt cpix-xft 

[Pnt^ Pnt] 


B 


ni,n2,...,nt 


B 


Yii=\ 


[Pnf/PnJ 


B, 


J [Pm, Pm]' 


which we denote by T>, is injective by part (a) and by the injectivity of the homomorph- 

Bn 

ism Bn. m ‘^ B^t . For 1 ^ z < f, let 7 / e — — p—r be an element of order ZZ; 

^'=1 ‘ [Pnj, Pn,J 

whose permutation is an zzj-cycle; the existence of 7 , is guaranteed by part (b). Then 
7 = (TI/ • • • / 7z) ^ 77 ^— ^^r~\ ^ rri— i X • • • X ^ is of order lcm(zzi,..., np, and 

Bm 


[Pmi/Pmi] [PM2 /^n2] 
the injectivity of O implies that 0 ( 7 ) e 
second part of the statement follows also. 


[Pm, Pm] 


[Pnt, Pnt] 

is also of order lcm(zzi,... ,nt). The 

□ 


As a consequence, we are able to prove Corollary 4, which says that the torsion of 
BM/[Pn/PM] is equal to the odd torsion of the symmetric group S„, and that the map 
induced by a from the set of finite cyclic subgroups of B„/[P„,P„] to the set of cyclic 
subgroups of Sn of odd order is surjective. 
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Proof. Let /3 e B„/[P„,P„] be a non-trivial element of finite order r. By Theorem 2, r 
is odd. Lemma 9 implies that n(/3) is also of order r, so the torsion of B„/[P„, P„] is 
contained in the odd torsion of the symmetric group S„. Conversely, suppose that 6 
is an element of S„ of odd order r ^ 3, and let 0 = 6i62 - ■ ■ Ot be a product of disjoint 
non-trivial cycles, where 0, is an n,-cycle for all z = 1,..., t. Then r = lcm(ni,... ,nt), 
the fii are odd and greater than or equal to 3, and 21=1 ^ ^ since the 0/ are disjoint. 

By Theorem 3(c), Bm/[Pw/Pw] possesses an element 7 of order r whose permutation has 
cycle type (ni ,... ,nt). So ^( 7 ) is conjugate to 6, and thus a suitable conjugate of 7 is 
an element of order r whose permutation is equal to 6. The last part of the statement 
follows in a straightforward marmer. □ 

Remark 20. In order to study the conjugacy classes of finite-order elements of the 
group B„/[P„, P„], we will describe some of these elements in more detail in Section 6. 


5 A study of some crystallographic subgroups of dimen¬ 
sion 3 of Bs/lPs^Ps] 


As we saw in Section 3 , the group B3/[P3, P3] is crystallographic and has no 2 -torsion. In 
this section, we further analyse this quotient and we study some of the crystallographic 
subgroups of B3/[P3, P3] of dimension 3 , of the form where H is a subgroup of 

S3. In order to study these subgroups, it suffices to consider a representative of each 
conjugacy class of subgroups of S3. We shall also comment on some other subgroups 
ofB 3 /[P 3 ,P 3 ]. 

Proposition 21. Let Hbe a subgroup of S3, and let H3 be given by equation ( 10 ). 

(a) Let H = {1}. The crystallographic group H3 admits a presentation whose generators are 
Ai^ 2/^1,3/^2,3,'^ith defining relations [Ay2/^i,3] = 1/ [^1,2/^2,3] = land [Ay2/^2,3] = 1- 

(b) Let H = (( 1 , 3 , 2 )). The crystallographic group H3 is normal in B3/[P3, P3] and admits a 
presentation given by: 

• generators: Ay2/ ^2,3/ ^1,3/ ^^0,3/ ^here ^0,3 = (ri(r2 e P3]. 

• relations: 

(0 [^1,2/^1,3] = 1/ [^1,2/^2,3] = 1/ [^1,3/^1,3] = 1 - 

(ii) zTgg = A3 = Ai^2^i,3^2,3 (A3 is the class of the full-twist braid in P3/[P3,P3]). 

(in) ao,3Ai^2^o)3 = ^2,3/ ^0,3^1,3^0)3 = Ay2/ ^^0,3^2,3^0)3 = ^1,3- 

The Abelianisation {h^ ofH^ is given by: 



Aig, zro ,3 [Ai^ 2 / 1^0,3] = 1 / ^0,3 = ^1,2 


and is isomorphic to Z® Z 3 , where the factors are generated by Ai^2 Ai^ 2 ^o 3- 

(c) Let H = ((1,2)). The crystallographic group H 3 admits a presentation given by: 

• generators: Ai^ 2 / ^ 2 , 3 , Ai^ 3 , ui. 

• relations: 


14 



(0 [^ 1 , 2 /^ 1 , 3 ] = 1 / [^ 1 , 2 /^ 2 , 3 ] = 1 / [^ 1 , 3 /^ 1 , 3 ] = 1 - 

(ii) (rf = Ai2- 

(in) (riAi^ 2 C^i ^ = ^ 1 , 2 / C^1^1,3C^1 ^ = ^2,3/ C^1^2,3C^1 ^ = ^1,3- 
We have: 




^1,3/ 


[^1,2/C^l] 


1/ [^1,3/C^l] 


1 /f^l = ^1,2) 


z©z. 


(rf) Le^ H3 = S3. The crystallographic group H3 = B3/[P3,P3] admits a presentation whose 
generators are cri,cr2, with defining relations cricr2cri = a20'\cr2 and {crf^cr2)^ = 1 . We have 

Proof. Part (a) follows from the fact that H3 = P3/[P3, P3] if H is trivial. The present¬ 
ations given in parts (b) and (c) may be obtained by applying the method of present¬ 
ations of group extensions given in [J, Section 10 . 2 ]. In part (b), the normality of H3 
follows from that of Z3 in S3. 

By [O, Lemma 4 . 3 . 9 ], the commutator subgroup [P3, P3] is equal to the normal clos¬ 
ure of [Ai^ 2/^2,3] in B3. Since [Ai^2/^2,3] = {o'f^( 72 )^ and B3 = (cri, 02 | (ri(72(ri = 0'20'i0'2}, 
we thus obtain the presentation given in part (d). In each case, {^ 3 ^ obtained in a 
straightforward maimer from the presentation of H3. □ 

Remark 22 . The presentation of B3/[P3, P3] of Proposition 21 (d) also appeared in [O, 
Proposition 4 . 3 . 10 ] and in [LW, Proposition 3 . 9 ]. 

Theorem 23. Let Hbe a subgroup ofS^, and let H3 be given by equation (10). 

(a) Let H = {!}. Then H3 is isomorphic to the quotient P3/[P3, P3], which is isomorphic to 1?. 
The corresponding flat manifold is the 3-torus. 

(b) Let H = (( 1 , 2 )). Then H3 is a Bieberbach group of dimension 3 with holonomy group Z2. 
The corresponding flat Riemannian manifold is diffeomorphic to the non-orientable manifold L^2 
that appears in the classification of flat Riemannian 3-manifolds given in fW, Corollary 3.5.10]. 

(c) Let H = (( 1 , 3 , 2 )). Then H3 is isomorphic to the semi-direct product 7? xi Z3, where the 
action is given by the matrix Q 0 0^ with respect to the basis (Ai^2/^2,3/^1,3) o/P3/[P3,P3], 
this quotient being identified with 1?. 

Proof. Part (a) is clear, so let us prove part (b). Theorem 2 implies that B3/[P3, P3] has no 
2 -torsion, and so the subgroup H3 is a Bieberbach group of dimension 3 by Lemma 14 . 
Let X be the flat Riemannian manifold uniquely determined by H3, so that tti (X) = H3. 
The holonomy representation of H3 is a homomorphism of the form Z2 —> Aut(Z^), 
where we identify P3/[P3, P3] with Z^. Relative to the basis (Ai 2, ^1^3, A2,3) of P3/[P3, P3], 
by equation (8), the image of the generator of Z2 by this homomorphism is given by 

the matrix 0 0 1 ^ whose determinant is equal to — 1 . Thus X is a non-orientable flat 
VO 1 0/ 

Riemannian 3 -manifold with holonomy group Z2. Up to affine diffeomorphism, X is 
one of the two manifolds =^1 or ^2 described in [W, Theorem 3 . 5 . 9 ]. Using the present¬ 
ation of H 3 given in Proposition 21 (b) we have Hi (X; Z) = Z^, and from the table in [W, 
Corollary 3 . 5 . 10 ], we conclude that X = 1 ^ 2 - 
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Finally we prove part (c). The following short exact sequence: 


1 — Psm.Ps] — H3 -- H — 1 

admits a section given by sending the generator ( 1 , 3 , 2 ) of H to the element cr^“^cr2 of 

H3, and so H3 is isomorphic to the semi-direct product of the form 7 ? x Z3. Relative 

to the basis (Aj 2> ^2,3/ ^1,3) of Ps/iPs^ Ps]^ the matrix of the associated action is equal to 
0 01\ ' ' ' _ 

100 . □ 

010/ 

Remarks 24. 

(a) The subgroup of B3/[P3, P3] generated by the class of the full-twist braid Ai 2 Ai^3 A2,3, 
given by (1,1,1) in terms of the basis (Ai^2/Ay3, A2,3) of P3/[P3,P3], is a normal sub¬ 
group of B3/[P3, P3]. The associated quotient group admits the following presentation 
that is obtained from a presentation of B3/[P3, P3]: 


(ri,(72 


(72(71(72 = (7i(72(7i, ((7^ ^(72)"^ = 1, Ai^2^1,3^2,3 = 1 


The group G\ given in the first theorem of [Ly, page 73 ] is generated by the set {a, / 3 , a, p}, 
with relations: 


[(t,/ 3 ] = [|0,£t] = = (( 7 | 0 )^ = 1 , croca ^ = cc ^/ 3 , (7/3(7 ^ = a p^p ^ = oc^ 

A routine calculation shows that the map that sends Ai 2 (resp. A^g, A\o<o'\, V2) to a 

(resp. /3, p, a) extends to an isomorphism of the two groups. 

(b) The group B3/[P3,P3] is the three-dimensional crystallographic group that appears 
as 5 / 4/1 :SPGR: 02 of [BBNWS, page 71 ], and that corresponds to IT 161 ; OBT 1 in the 
international table [HL]. 

(c) Let L be a crystallographic subgroup of B3/[P3, P3] of dimension 3 , and consider 
the subgroup u(L) of S3. If u(L) = {Id} then clearly L is isomorphic to Z^. If u(L) = 
(( 1 , 2 )) then L is a Bieberbach group. If u(L) = (( 1 , 3 , 2 )) then the group L may be 
Bieberbach or not, with holonomy Z3. For example, if L is the subgroup generated by 

|( 7 ^“^( 72 , A^2/^13/^2 3| L is a proper crystallographic subgroup of ((( 1 , 3 , 2 ))) 

of dimension 3 with holonomy Z3 and that admits torsion elements, 0 'f^( 7'2 for example. 

On the other hand, if L is the subgroup generated by | Ai 2 ( 7 i“^( 72 , A^ 2/ 3/^23} then L 

is a proper subgroup of u^^(((l, 3 , 2 ))), and is a Bieberbach group of dimension 3 with 
holonomy Z3. To see this, let Li = L n Ker (a) = L n (Ai 2/ Ai^, A2,3). Clearly Li is a 
free Abelian group, so is torsion free. Using equation (8), we see that {A\;20'^^cr2)^ = 
A12A13A23, and since {(Ai^ 2 / 7 li, 3 , A23)f}yg|g^2} ^ coset representatives of Li 

in L, it follows that Li is generated by |Ai^ 2 Ay 3 A 2 , 3 , A^2/^i3/^2 3|- Note then that 

I ^1,2^1, 3 ^ 2 , 3 / A\ y A2 gj is a basis of Li. Suppose that w is a non-trivial torsion element 
of L. By Lemma 9 , w must be of order 3 . Now w ^ Li, so there exist 6 e Li and 
j E { 1 , 2 } such that w = 0 (Ai 2(7^~^(72)L Since 9 e Li, there exist Ai, A2, A3 e Z such that 
^ = (^i,2^i,3^2,3)^^Aj and hence: 

1 = = 0(Ai^2C^]~^C2)^^(Ay2C^f ^C2)~A (Ai^2C^]~^C2)^^^(Ai^2C^i~^C2)”^A (Ai,2C^]~^C2)^A 
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Using once more equation ( 8 ), the relation = ^ 1 , 2 ^ 1 , 3 ^ 2 , 3 / and comparing 

the coefficients of Ai 2 /^i ,3 and A 2 , 3 , we obtain the equality 3(Ai + A 2 + A 3 ) +; = 0, 
which has no solution in Z. It follows that L is torsion free, and so is a Bieberbach 
group of dimension 3 with holonomy Z 3 . 

(d) There is no Bieberbach subgroup of B 3 /[P 3 , P 3 ] of dimension 3 that projects to S 3 , 
since none of the ten flat Riemarmian 3-manifolds have fundamental group with holo¬ 
nomy S 3 (see [W, Theorems 3.5.5 and 3.5.9]). 

6 Conjugacy classes of finite-order elements of P„] 

In this section, we study the conjugacy classes of finite-order elements of B„/[P„, P„]. 
The aim is to prove Theorem 5, which states that there is a bijection between the con¬ 
jugacy classes of cyclic subgroups of odd order of B„/[P„, P„] and the set of conjugacy 
classes of cyclic subgroups of odd order of the symmetric group S„. 

We begin with an elementary fact about conjugacy classes that will help to simplify 
the study of our problem. 

Lemma 25. Let a;,/3 e B„/[P„, P„] be two conjugate elements of finite order. Then a{oi) and 
u(/3) are permutations of odd order and have the same cycle type. 

Proof. Since a, f> are of finite order, their common order is odd by Theorem 2. The fact 
that a and /3 are conjugate in B„/[P„,P„] implies that the permutations P(cc) and u(/3) 
are conjugate in S„. The result then follows since two permutations are conjugate in S„ 
if and only they have the same cycle type. □ 

In order to analyse the conjugacy classes of elements of finite order. Lemma 25 im¬ 
plies that it suffices to choose a single representative permutation for each conjugacy 
class of S„ of odd order and to study the conjugacy classes of elements of B„/[P„, P„] of 
finite order that project to the chosen permutation. 

Let us consider the action by conjugation of certain elements of B„/[P„, P„] on the 
group P„/[Pn, P„]. If k, n ^ 3 and r ^ 0 are integers such that r + k ^ n, define DCY,k ^ 
Bn/[Pn, Pn] by: 

^r,k ~ ^r+k—1 ’ ’ ' ’ ’ ’ ^r+1 ^r,k ~ ^r+1 ’ ’ ’ Pr+fc—1- (19) 

Lemma 26. Let n,k ^ 3 ctYid T ^ 0 tTits^STs such that h ts odd ciTid t h~ Jc ^ ti. Thcu Sp ^ ts oj" 
order k in Bnl\Pn, Pn]f (^'^d satisfies: 

^r,k = (f^Y+tfl,r+k^r+t±^,r+k ' ' ' ^r+k-l,r+k^ ( 20 ) 

Furthermore, the action of conjugation by iXy^]^ on the basis elements ofPn/[Pn, Pn] is given 
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by: 









ifiyji {r + l,...,r + k] 


ifr + liS,i<if^r + k — l 

Ar+l,i+l 

ifr + l^i<i = r + k 


ifi<r + l^i^r + k — l 

^i>+l 

if i <r + 1 and j = r + k 

^i+hj 

ifr + l^i^r + k — 1 and r + k < j ^ n 

Ar+l,j 

ifi = r + k<j^n, 

by &y^ is the inverse action of Uy^]^ and is given by: 

h.,i 

ifiyji {r + l,...,r + k} 

Af-ij-i 

ifr + 2^i<j^r + k 

P^j-l,r+k 

ifr + l = i<j^r + k 

^77-1 

ifi<r + l<j^r + k 

P^i,r+k 

ifi < r + 1 and j = r + 1 

Af-lj 

ifr + \<i^r + k and r + k < j ^ n 

^ \+k,i 

ifr + l = i and r + k < j ^ n. 


( 21 ) 


( 22 ) 


Proof. Let n ^ 3, k ^ 3 and r ^ 0 be integers such that k is odd and r + k ^ n. We start 
by proving equation (20) and by showing that ^ P„] is of order k. First let 

r = 0. Then: 


^0,ic^0,fc = Pt-1 ■ ■ ■ k+\cr ■ ■ ■ (7^ ■ CTk-lCTk+l ■ ■ ■ (7'fc_l 

= (rfc_i ■ ■ ■ cTk+sC^l+iak+s ■ ■ ■ (Tk-i = ^ ■ ■ ■ ^k-i,k> (23) 

which yields the equality (20). Set N = (A^ k^^ k" ' ^k-\,k)~^ ^ ^nl\k^n,^n\- Then 
11 2 2 
‘^Qk^Qk‘^o,k = N‘^o,k by equation (23), and so ^o,A: ^rid ^^o,fc tbe same order. Con¬ 

sidering N and aQ j^ to be elements of ^^/[Pfc/Pfc] for ^ moment, and using (15) and (17), 

k-l 

2 

we have N = — ^ Si,k-u ^rid so N satisfies the system of equations (18) (taking n = k 

i=l 

in that system). It follows from the proof of Proposition 19 that is of order k in 
Bk/[Pk,Pk]/ ^rid so ^o,fc is of order k in Bj^/[Pj^,P](]. Since k ^ n, we deduce from The¬ 
orem 3(a) that Sq^^, considered as an element of B„/[P„, P„], is also of order k. 

Now assume that r ^ 1. Let xp denote the composition of the following homomorph- 
isms: 

Bk ^r,fc,w—r—fc Bfi 

[Pk,Pk] [Pn.Pn] ' [P«,P„]' 

where the first homomorphism is induced by the inclusion '—* Sr,fc,w-r-fc of Bj^ in 
the middle block of the mixed braid group By ]^ n-r-k! ^rid the second homomorphism 
is induced by the inclusion By ]^ n-r-k "—^ Bn- In a maimer similar to that for 7 in the 
proof of Theorem 3(a), the homomorphism xp may be seen to be injective. For all 1 ^ 
i < n — 1, xp{ai) = Cyjyi, hence i/’(^o,fc) = ^r,k ^rid xp{aQ^};) = ocy^j^ by equation (19). The 
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injectivity of ip implies that ^ is of order k in -j——Moreover, for all 1 ^ i < j ^ n, 
by equation (5), thus: 

Sr,k = ^ihk) = ^ ((^ • • • ^fc-u) oCqJ^) by equation (23) 

^ (^r+t+l,r+fc^r+^,r+fc ’ ’ ’ ^r+k-l,r+k^ ^^y^r 

which is equation (20). This proves the first part of fhe statement. It remains to establish 
equations (21) and (22). The first relation of (21) holds clearly. Applying ip to both sides 
of equations (12) and (13) (and taking r = k) gives rise to the second and third relations 
of (21). Finally, equation ( 8 ) yields the four remaining relations of (21). To obfain (22), 
by equation ( 20 ), conjugation by ocy^k^y^k iri Pn/[Pn,Pn] is conjugation by an element of 
Pn/[Pn,Pn], which gives rise to the trivial action. So the actions by conjugation of ^ 
and Sy^k on Pn/[Pn, Pn] are mutual inverses. Equation ( 21 ) then implies equation ( 22 ). □ 

Another corollary of Theorem 3(c), which we now prove, is Theorem 6 , which stafes 
that there is a one-to-one correspondence between the finite Abelian subgroups of 
Pn/[Pn, Pn] and fhe Abelian subgroups of S„ of odd order. 


Proof of Theorem 6. First, it follows from Remarks 13(c) that the isomorphism class of a 
finite Abelian subgroup of Bn/[Pn, Pn] is realised by a subgroup of S„ (of odd order). 
Conversely, let H be an Abelian subgroup of S„ of odd order. Then H is isomorphic to 
a direct product of the form x • • • x where for i = 1 ,..., r, kj is a power of an 
odd prime number. By [Flo], Xif=i ^ ^i. Let fcg = 0- Then for I = 1,..., r, fhe element 

^„;_i, . belongs to P„] and is of order ki by Lemma 26. By construction, the 

hj=0 

commute pairwise. The subgroup (^Q,ki> ■ ■ ■> fc jt ^ then isomorphic to 


H since cr 
disjoint. 


kj,ki 


5^1-1 ,, ,, 1 is a ^:/-cycle in S„, and the supports of such cycles are pairwise 


□ 


The following two propositions are immediate consequences of Lemma 26. 

Proposition 27. Let n,k ^ 3 and r ^ 0 be integers such that k is odd, and suppose that 
3 ^ r + k ^ n. Then the action of conjugation by Sy^]^ on Pn/[Pn,Pn] restricts to an action on 
the set A = { Aij | r + 1 ^ i < j ^r + ky The orbits of this action partition the set A into 
orbits each of length k and given by: 


A 


r+l,r+i+l 


Or,k 


A 


r+i,r+k 


Or,k 


A 


r+i-l,r+k-l 


Or,k 


A A 

^r+l,r+k-i+l ' ^ ^ 


r+k—i,r+k 


Or,k 


‘^r,k 


A 


r+2,r+i+2 


0r,k 


‘>r,k 


A 


r+2,r+k-i+2 


Or,k 


A 


r+l,r+!+l 


for i = 1,.. 


Proof The resulf follows from the second and third lines of equation (22). 


k-1 

2 ■ 

□ 


Proposition 28. Let n,k ^ 3 (ZTid T ^ 0 bs iTits^sTs such that h ts odd/ uTid su^^osc that 
3 ^ r -\-k ^ n. Then for each j > r + k/ the action of conjugation by on Pn/[Pnf Pn] restricts 
to a transitive action on the set { A, y | r + l^i^r + k], whose orbit of length k is given by: 


( 24 ) 
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Similarly, if i < r + 1, the action of conjugation by dfX on Pn/[Pn>Pn] restricts to a transitive 
action on the sei A = { A; y | r + l^j^r + kf whose orbit of length k is given by: 

Sy If Sy 1y Sy Ir Sy ly Sy ly , ^ 

A,r+k ^ A^r+k-1 ^ ^ A,,+2 ^ Ai,r+1 ^ A^r+k- (25) 

Proof Equation (24) (resp. equation (25)) follows from the 4^ and 5**^ lines (resp. the 6*^^ 
and 7^^ lines) of equation (22). □ 

Proposition 29. Let n, k, I ^ 3 ciTid Tf s ^ 0 tTit^^sTs such that h ciTici- 1 citc odd/ 3 ^ v “K h 
s + 1 and s -\-l ^ H/ and let = lcm(fc, 1). The action of conjugation by on Pn/[Pnf Pn] 

restricts to an action on the set { Aiy | r + 1 ^i ^r + k and s + l^j^s + l}, given by: 


^r,k^s,l-^ i,i ( ^r,k^s,l 


\-l 


^r+fcj-l 
7^i—l,s+l 
^ ■^r+k,s+l 


ifr + 1 < i ^ r + k and s + l<y<s + / 
ifi = r + 1 and s + l<y<s + Z 
ifr + l<i^r + k and j = s + \ 
ifi = r + 1 and j = s + \. 


The orbits of the action partition this set into kl/l^ orbits of length £q given by combining (24) 
and (25). 


Proof The result follows by applying Propositions 27 and 28 to the action of dy^k and dg^i 
on the elements of the set { A, y | r + l^i^r + k and s + l^/^s + Z}. □ 

Proposition 30. Let n ^ 3, and let f> be an element o/B„/[P„,P„]. If m ^ 0 is such that 
u(/3) belongs to the subgroup ofSn isomorphic to Sq on the symbols {m + l,m + 2,... ,m + cj} 
then the action of f on the set { Afj | l^i<j^m or m + q + l^i<j^n} is trivial. 

Proof. We just prove the claim for m = 0 since the remaining cases are similar. Let 
1 ^ q < n — 1. By Theorem 3(a), the inclusion l: Bq —> B„ induces an injective ho¬ 
momorphism 7 : Bq/[Pq,Pq] —> B„/[P„,P„]. Since W(f) e Sq, there exists t e Bq/[Pq,Pq] 
such that u(/3) = ^( 7 (t)) is the identity permutation, and so there exists /3' e Pn/[Pn,Pn] 
such that /3 = 7 (t)/ 3 '. The result follows from equation ( 8 ) and the fact that f' is central 
in Pn/[PM/P m]- n 


Let n ^ 3, let ^0 = 0/ 1st 3 ^ ^ ^2 ^ ^ K be odd, and suppose that Yy=i ^ 

We define: 


d = d(ko, ...,ks) = 4o,fci4i,fc24i+fc2,fc3 


' kjU 


(26) 


where for all 0 < Z < s — 1, the element dj^ ^ ^ is given by equation (19). Since the 

Z!j=i kj,ki^i 


commute pairwise and d^i . . is of order kj^i by Lemma 26, it follows 

2jy=i NA;+i 


that d is of order lcm(fci,..., p) in Bm/[Pm, P„] and: 


9 = <i(d) = 01 • • • 4, 


(27) 


where for 7 = 1 ,..., s, 0; is the fc/-cycle defined by: 


0t 


'i—l i—1 i 

't^i + rtkj+2 . 

J =1 7=1 7=1 


(28) 
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The order of the permutation 6 is also equal to 1cm (fci, k 2 ,... ,ks). Using Propositions 27, 
28, 29 and 30, we shall now describe the orbits given by the action ot conjugation by 5 
on the basis { A; y | 1 < i < ; < n} of Pn/[Pn> Pn]- The associated partition will be useful 
when it comes to proving Theorem 5. 


Theorem 31. Let n ^ 3, let kQ = 0, let 3 ^ ki ^ k 2 ^ ... ^ kg be odd such that ^ 

and let S e B„/[P„, P„] be defined by equation (26). The following sets are disjoint and invari¬ 
ant under the action by conjugation of d on the set of basis elements { Afj | 1 ^ z < ; < n} o/ 


Pn/[Pn/Pn]. 


(a) 1 Aii JfiiJ fc; + 1 < i < ; < Td=i k 


orbits of this set are obtained from the relations 
t is taken modulo ky, and 


where 1 < r < s. Under the given action, the 
^r,h,t ^r,h,t+ir where 1 < Iz < the index 


b-f+i if ^ ^ - 

^S;=i L-t+LZUi ki-t+l+h ifts{h + l,...,kr}. 


(b) |Ajy 'Ed=l ki + 1 A: i ^ I]/=i 111=1 < y ^ where 1 ^ r < s. Under the 

given action, the orbits of this set are obtained from the relations eyy^t '—^ ^r,j,t+v where the 
index t is taken modulo ky, and eyjt = A^r-i i. ,, 

2 j /=1 M + t,] 

(c) I Ag- kj + 1 ^i ^ 1 ji=i Hhi hj + 1 ^ j ^ 1ji=i }' where 1 ^ p < q ^ 

s. Under the given action, the orbits of this set are obtained from the relations ^ 

k . k 

ep,q,v,t+i, where 1 < u < -— ^ 1 < t ^ \cm{kp,kq), and 

lCm(/Cp, Kq) 

ep,q,v,t = A^p -1 k,+[i-t+vy/ 


where the notation [x]n means the positive integer between 1 and n that is congruent to x 
modulo n. 

(d) {Ai^j I ki < i < j ^n}. Under the given action, each Ai^j is fixed. 

Proof. Parts (a)-(d) follow from Propositions 27, 28, 29 and 30 respectively □ 


Let k\,... ,ks be as in the statement of Theorem 31, and let B denote the basis ot 
Pn/[Pn,Pn] that consists of the following elements: 

ky-1 

(a) Oy^h^tf where l^r<s, l^/z< —^— and 1 ^ f < fcp. 

(b) Oy j f, where 1 ^ r ^ s, ULi k<j < n and 1 ^ t ^ ky. 

k -k 

(c) Sp^q^y^t, where l^p<q^s,l^vA, -— ^ and 1 ^ t ^ lcm{kp,kq). 

icm(/Cp, kq) 

(d) Ai^j, where X!/=i ki < i < j ^ n. 

An element of B will then be said to be of type (a), (b) (c) or (d) respectively If A e 
Pn/[Pny Pn]> h ruay thus be written uniquely in the following form: 


A 






^p,q,v,t 


lsS:P<qs^s 

l<y<JtEpL_ 

l^Zs;lcm(fcp,fcq) 


n 




HjUi kj<i<j^n 


(29) 
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The following proposition allows us to decide whether P„] possesses elements 

of order \cm{ki ,..., fcg). 


Proposition 32. Let n ^ 3/ let Icq — 0/ let 3 ^ ^ ^ ... ^ kg \)c odd such that 

I]/=i ^ ^ ^ Bn/[Pn,Pn] i>e defined by equation (26), and let A e Pn/[Pn,PM] be given 

by equation (29). Then the element Ad is of order lcm(^:i ,.. .,ks) if and only if the following 
system of equations is satisfied: 


Yj ^r,h,t = 0 

ky —1 

for alll ^r ^ s and 1 < /i <- 



y, = 0 

for alll ^r ^ s and Y kj + 1 ^ j ^ n 


;=i 

y ^p,q,v,t ~ 0 

l!^t^\cm{kp,kq) 


miy = 0 

for all ^ kj < i < j ^ n. 


y=i 


(30) 


Proof The argument is similar to that of the proof of Proposition 19. Let A be written 
in the form of equation (29), and let i = lcm(fci,.. .,ks). Since A e Pn/[Pn,P«], P{Ad) = 
a(S) = 6, where 6 is as defined in equation (27). The fact that 6 is of order I implies that 
the order of AS, if it is finite, carmot be less than i. Since S is of order i by Lemma 26, it 
follows that: 

i-i 

(AS)^ = si AS-’. (31) 

7=0 

Let Wi e B, and let q denote the length of the orbit of Wi under the action of conjugation 
by S. By Theorem 31, q = kr it wi is of type (a) or (b), q = lcm(kp, kq) if wi is of type (c), 
and q = lit Wi is of type (d). For i = 1,... ,q, let Wi = be the (distinct) 

elements of the orbit of Wi. So S‘’WiS-‘’ = Wj, and since q divides i, we have: 

^-1 . . . , / 

S’wiS-’ = S^‘’~'~iwiS-i’^‘’~'~ii = I Y\ S’wiS-’ 

0s:fc^|-l 

H 

If mi e Z then for i = 1,... ,q, we have: 

= Yl^’ - (32) 

!=1 / 7=0 \z=l / i=l 

Combining equations (31) and (32) and using the fact that the orbits of the elements of 
B are invariant under conjugation by S, it follows that (AS)^ = 1 if and only if 





‘I 

Y^mi = 0 for all wi e B, 
! = 1 


(33) 
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where for i = 1,... ,q, mi is the coefficient of Wj that appears in equation (29). Taking wi 
to be successively the element i of type (a), the element of type (b), the element 
^P,q,v,i of type (c), and the element of type (d), we conclude that = 1 if and 

only if the system of equations (30) is satisfied, and this completes the proof of the 
proposition. □ 

We now prove Theorem 5 that concerns the conjugacy classes of finite-order ele¬ 
ments of Bn/[Pn, Pn], and which is the main result of this section. 


Proof of Theorem 5. Let 9 s Sn he of order k. Conjugating 6 if necessary, we may sup¬ 
pose that there exist odd integers 3 A, ki ^ ^ kg such that ^ ^ and 

k = 1cm(fci ,... ,ks) for which 6 is of the form given by equation (27), and where the ele¬ 
ments 6i of that equation are defined by equation (28). Let 5 e P„] be defined by 

equation (26), which we know to be of order k using Lemma 26. Now let /3 e B„/[P„, P„] 
be an element of finite order such that P(j 6 ) = 9. By Lemma 9, /3 is of order k. To prove 
Theorem 5, it suffices to show that /3 and S are conjugate. Since they have the same 
permutation, there exists A e B„/[P„,P„] such that /3 = AS, and we may write A in the 
form of equation (29). With the notation of the proof of Proposition 32, equation (33) 
holds by that proposition because AS is of order lcm(fci ,.. .,ks). To prove the theorem, 
it suffices to show that AS and S are conjugate. To do so, we will exhibit X e PM/[Pn, Pn] 
for which XASX~^ = S. This is equivalent to the following relation: 

XA(5X-^(5-^ = 1 in P„/[P„, Pn]. (34) 


We start by writing X in the form of equation (29) as follows: 


X = 


n 

l^r^s 


'r,h,t 




kr-l 


l^tsZkr 


n ' 

Xy=i kj+l^i^n 


r,i,t 


n 




'' lcm{kp,kcj) 


yXp,q,v,t pq 

y,q,v,t i 1 

X)=i kj<i<j^n 


A 


(35) 


where the exponents are the coefficients of the elements of B. As we saw in the proof 
of Proposition 32, it suffices to study the subsystems obtained from equation (34) that 
correspond to the orbits of the action of conjugation by S. In particular, ii ivi e B and 
Wi = S'~^wiS~^'~h are the elements of the orbit of wi, where i = 1,...,q, then it follows 
from equations (29), (34) and (35) that: 



1 in Pn/[Pn/ Pn]/ 


where m, (resp. Xi) is the coefficient of Wj appearing in equation (29) (resp. in equa¬ 
tion (35)), and xq = x^. We conclude that: 

Xi_i — Xi = mi for all i = 1 ,..., ^^ and for all choices of Wi s B. (36) 


Choosing Xq s Z arbitrarily, the solution of the subsystem of equations obtained by 
taking i = 2,.. .,q in equation (36) is given by Xf_i = Xq + YYj=i ^ 7 / which determines X; 
for allZ = 1,... ,q. The remaining equation, corresponding to i = 1, is satisfied, because: 


Xq — Xi = mj = mi by equation (33). 

/=2 
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Hence the system of equations (36) possesses solutions for all choices of zvi s B, and 
so equation (34) admits solutions, from which it follows that is conjugate to 5 by an 
element of Pn/[Pn,Pn]- This proves the first part of the statement. The second part is 
then a direct consequence. □ 

Remarks 33. 

(a) The number of conjugacy classes of permutations of order k in S„ is equal to the 

number of partitions (ni ,... ,nr) of n, where n, e N, ni < n 2 < ... < Uy, 2 ;=i ^ 

and lcm(ni,..., Uy) = k. 

(b) It follows from Corollary 4 and Theorem 5 that if k is odd, a induces a bijection 
between the set of conjugacy classes of elements of order k in B„/[P„, P„] and the set 
of conjugacy classes of elements of order k in Sn. The same result also holds for finite 
cyclic subgroups. 

(c) Given an Abelian subgroup H of finite odd order of Sn, we saw in Theorem 6 that 
Bn/[Pn,Pn] Contains a subgroup G isomorphic to H. An open and more difficult ques¬ 
tion is whether B„/[P„, P„] contains a subgroup G such that ^(G) = H. 


7 Finite non-Abelian subgroups of P„] 


As we saw in Theorem 2 and Lemma 9, any finite subgroup of B„/[P„, P„] is of odd or¬ 
der, and embeds in Sn- Following the discussion of the previous sections, it is natural to 
try to characterise the isomorphism classes of the finite subgroups of B„/[P„, P„] as well 
as their conjugacy classes. For the question of isomorphism classes, this was achieved 
for finite Abelian subgroups in Theorem 6 , and for that of conjugacy classes, was solved 
in Theorem 5 and Corollary 4 for cyclic groups. Going a step further, we may also ask 
whether B„/[P„, P„] possesses finite non-Abelian subgroups. Since any group of order 
9 or 15 is Abelian, the smallest non-Abelian group of odd order is the Frobenius group of 
order 21, which we denote by J-. It admits the following presentation: 



(37) 


The group T is thus a semi-direct product of the form Z 7 x Z 3 , and it possesses six 
(resp. fourteen) elements of order 7 (resp. of order 3). As we shall see in Lemma 34, T 
embeds in S 7 , and as a first step in deciding whether B„/[P„, P„] possesses finite non- 
Abelian subgroups, one may ask whether T embeds in B 7 /[P 7 , P 7 ]. The main result of 
this section. Theorem 7, shows that the answer is positive. Theorem 3(a) then implies 
that T embeds in B„/[P„,P„] for all n ^ 7. In Theorem 38, we show that in B 7 /[P 7 , P 7 ], 
there is a single conjugacy class of subgroups isomorphic to T. The general questions 
regarding the embedding in B„/[P„, P„] of an arbitrary finite non-Abelian group of odd 
order (for large enough n) and the number of its conjugacy classes remain open. 

We first exhibit a subgroup Tq oi S 7 that is isomorphic to SF. We shall see later in 
Proposition 35 that any subgroup of S 7 that is isomorphic to T is conjugate to Tq. In 
what follows, we consider the following elements of S 7 : 


a = (1,3,4,2,5, 6 ,7) and = (1,2,3) (4,5, 6 ). 


(38) 


Let Fq denote the subgroup of S 7 generated by {a., /3}. As noted previously, we read our 
permutations from left to right, to coincide with our convention for the composition of 
braids. 
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Lemma 34. The subgroup Fq ofSy is isomorphic to T. Further, ifG is a subgroup ofSj that is 
isomorphic to T then G is generated by two elements a' and /3', where a.' is a 7-cycle, the cycle 
type of is (3,3,1), and 

Proof. The first part ot the statement is obtained from a straightforward computation 
using equations (37) and (38). For the second part, if G is a subgroup of Sy that is 
isomorphic to F then it possesses a generating set {a',f'}, where a' is a 7-cycle, f' is 
of order 3, and The cycle type of f>' is either (3,3,1) or (3,1,1,1,1). 

Suppose that we are in the second case. Then f = (ni, ny, nf) where n\, n 2 and n^ are 
distinct elements of {1,..., 7}. Hence the remaining four elements mi, m 2 , m^ and m^ ot 
{1,2,3,4,5,6,7}\{ni,n 2 ,n 3 } are fixed by f'. So there are two consecutive elements ot 
the 7-cycle a', denoted by mj,m]^, that belong to {mi, m 2 , m^, mi}. Since = a'^, 

we have fixf~^{mj) = ixf~^{mj) = f~^{mf) = m]^, but this is different from cp-fuf) = 
Oifnf}. This yields a contradiction, and shows that the cycle type of /3' is (3,3,1). □ 

The rest of this section is devoted to proving that F embeds in P>yl\Py, Py] and to 
showing that in By/[Py, Py], there is a single conjugacy class of subgroups isomorphic to 
F. In this quotient, we define: 

11 11111 
X = cycrf andy = a 20 ' 3 cr(,cr 5 criaf af af af af . (39) 

Then n(y) = a and using the notation of equation (19), y = o'20'33oj0'f^o'f^. So y is 
of order 7 by Lemma 26. Similarly, n(x) = f, x = ^o, 3 ^ 3 , 3 / arid x is of order 3 (see the 
discussion on page 20 just after equation (26)). We now prove Theorem 7 that asserts 
the existence of a subgroup of By/[Py, Py] isomorphic to the Frobenius group F. 

Proof of Theorem 7. Consider the subgroup H ot By/[Py,Py] generated by {x,y}. By the 
above comments, we know that n(y) = a and n(x) = /3, therefore P{H) = Fq- Let 

7 = (r2“V^V5(74(7g“V5"Vi(r2“^ 

Using the Artin relations (2) and (3), and equation ( 8 ), we have: 

7 xyx“^y“^ 7 “^ =crf^0'f^cr3cr4(7^^0'f^0'i(7f^. 0205 ( 7 ^^. crycrscr^crscricrf^crf^o'f^crf^crf^. 

Cr4Crf^CriCrfKcr2Cr3CriCr2Cr3Crf^Cr~^Cr~^CriCr2Cr3Crf^Crf^Cr~^Crf^CrfK 

(r2(X~V5(r6(74"V5"V4(r2 

=0-f^0-^0-f^cr3i740-f^0-f^i7f'^i7f'^cr40-f^0-iCr2cr3cr20-f^0-f^0-icr2cr30-f^0-f^. 

^6”^^5”^^3"^^r^^5fr6CX5(X“V5“V2 

=A 4 ^ 6^75 • ^ 4 , 5 - (X3(r4(r2” Vf V4(r3a4" V5" V 2 ( 7 -“ Vg-Vi(r2(7-4" V3" V 4 (rf ^ 

—1 —1 
0-4 V 5 V 2 

=^ 4,6 • tr3 ci cr2( Vf V3 erf ^ (Tf ^ (T2 (Tf ^ (Tf ^ (Ti CTy (Tf ^ (Tf ^ (Tf ^ (Tf ^ (T2 
=A 4 ^(,A 3 ^.(r 3 (rf^(rf^(r 3 (rf^(rf'^(rf^(ri(r 2 (rFl^(rf^(rf^(rf^(ri 
=A4,6^3,5^75 • tr3(r2“ V3(r5” V4:^(r2(7-3^ V5" V2 

=^ 4 , 6 ^ 3 , 5^75 ■ (r3(X2-V3(r5“V2C7-3-V2 

=^ 4 , 6 ^ 3 , 5^75 a3(r2'^a3(r2(X3”^a2 
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=^4,6 ^3,5 ^2,5 "^2,6 "^5,6 "^3,4"^2,3^2i • 
Using equation ( 8 ) once more, we obtain: 


^ = 1 ^^ 4 , 6 ^ 3 , 5 ^ 2 , 5 "^ 2 , 6 ^ 5 , 6 ^ 3 , 4 ^ 2 , 3 ^ 2 , 1 ')' 


( 40 ) 


Note that this shows that xyx~^y~^ is non trivial in the free Abelian group P 7 /[P 7 , P 7 ], 
which implies that H is not isomorphic to J-. We now look for an element N e P 7 /[P 7 , P 7 ] 
such that if u = Ny then the subgroup (x, v) is isomorphic to T, where v is of order 7, 
u(u) = X and xz;x“^ = v^. This last equality gives rise to the following equivalences: 


-1 2 

XVX = V 


xNyx ^ = NyNy <==^ xyx ^y ^ = xN W PN. j/Ny 




r-u-l 


,-l 


(41) 


We seek solutions N e P 7 /[P 7 , P 7 ] of equation (41) taking into account equation (40) and 
the fact that Ny is of order 7. In order to do so, we use additive notation, and we write 
N in terms of the basis Pv/iP?^ P?] follows: 


N = 




(42) 


where e Z for all 1 ^ z < ) ^ 7. By equation ( 8 ) and Proposition 27, we see that the 
orbits under the action of conjugation by y are of the form: 


Til ,2 

A4y 1 -> A3^6 

Til ,5 1 -> A2,7 '-A4^6 •- 

713,5 '-7li,2 


7ll,3 

Ai^7 I-> A6,7 

715,6 '-7l2,5 1 -> A2,4 i- 

A3,4 I-> Ai,3 

(43) 

Til,4 

Tlsy 1 -> Ai ^6 h- 

715,7 1 -> A 2,6 '-A 4,5 h- 

7 l 2,3 1 -> A 1 , 4 , 



and the orbits under the action of conjugation by x are of the form: 


^ 1,2 

^ 2,7 

^3,6 

^3,5 


A 

A 


1,3 

1,7 


^2,5 

^2,4 


7l2,3 

^3,7 

^1,4 

^1,6 


7ll,2 

^2,7 

M,6 

^3,5- 


^4,6 

^4,7 


A 


1,5 


^5,6 

^6,7 

^3,4 


714,5 

715,7 

71x6 


^4,6 

714,7 


A 


1,5 


(44) 


The first (resp. second) line of (44) may be obtained by applying Proposition 27 (resp. 
Proposition 28) and Proposition 30, and the last two lines follow from Proposition 29. 
Arguing in a marmer similar to that of the proof of Proposition 19, and using the fact 
that y is of order 7, we obtain: 


0 - (My7 - y;/Ny-* - y yq y 

k=0 k=0 


Vr,A, 


1scZ<7^7 



k=0 


-k 


from which it follows that the sum of the coefficients corresponding to the elements of 
each of the orbits given in (43) is zero: 


Pl,2 + P4,7 + P3,6 + Pl,5 + P2,7 + p4,6 + P3,5 = 0 

Pl,3 + Pl,7 + P6,7 + P5,6 + P2,5 + p2,4 + P3,4 = 0 

, Pl,4 + P3,7 + Pl,6 + P5,7 + p2,6 + P4,5 + P2,3 = 0. 


(45) 
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Using equations (43) and (44) to compute first xNx ^ and yNy ^ and then equations (40), 
(41) and (42), we obtain the following systems of equations: 


^ 7li^2 

”P2,3 

-E 

PL2 

-E 

II 

= 1 

^1,3 

-PL2 

-E 

PL3 

-E 

II 

= 0 

^4,7 

~P5,7 

-E 

Pa,7 

-E 

Pi,2 = 

= 1 

Ai,7 

-P2,7 

-E 

Pl,7 

-E 

Pl,3 

= 1 

^3,6 

-Pu 

-E 

P3,6 

-E 

Pa,7 = 

= 0 

^6,7 

~PA,7 

-E 

P6,7 

-E 

Pl,7 = 

= 0 

^1,5 

~P2,6 

-E 

PL5 

-E 

P3,6 = 

= 0 

^5,6 

-PA,6 

-E 

P5,6 

-E 

P6,7 = 

= 0 

^2,7 

-P3,7 

-E 

P2,7 

-E 

Pi, 5 = 

= -1 

^2,5 

-~P3,6 

-E 

P2,5 

-E 

P5,6 = 

= 0 

^4,6 

“P4,5 

-E 

Pa,6 

-E 

P2,7 

= -1 

^2,4 

~P3,5 

-E 

P2,A 

+ 

P2,5 = 

= -1 

^3,5 

-Pl,6 

-E 

P3,5 

-E 

Pa,6 = 

= 0 

^3,4 

~Pl,5 

-E 

P3,A 

-E 

P2,A = 

= 0 

^1,4 

~P2,5 

-E 

Pl,A 

+ 

P2,3 

= 0 

^2,6 

-P3,A 

-E 

P2,6 

-E 

P5,7 = 

= -1 

^3,7 

-Pl,7 

-E 

P3,7 

+ 

Pi, A = 

= 0 

^4,5 

-P5,6 

-E 

PA,5 

-E 

P2,6 = 

= 0 

^1,6 

-P2,4 

-E 

Pu 

-E 

P3,7 

= 1 

^2,3 

~Pl,3 

-E 

P2,3 

-E 

PA,5 = 

= 0 

. ^5,7 

~P6,7 

-E 

P5,7 

-E 

Pu = 

= 0. 









One may check that the systems equation (45) and (46) together admit a solution, taking 
for example all of the coefficients to be zero, with the exception of: 

P2,7 = P5,7 = -1 and P 3,5 = Pi ^6 = 1- 

For these values of piy, we have N = — A 2,7 — A^^, and it follows from above 

that the subgroup (x, v) of B 7 /[P 7 , P 7 ] is isomorphic to T, which completes the proof of 
the theorem. □ 

We now analyse the conjugacy classes of subgroups isomorphic to T in B 7 /[P 7 , P 7 ]. 
We first show that S 7 possesses a single such conjugacy class. 

Proposition 35. Any two subgroups ofSy isomorphic to T are conjugate. 

Proof. Let G be a subgroup of S 7 isomorphic to T. It suffices to show that G is conjugate 
to Tq. By Lemma 34, G is generated by two elements a' and /3', where a' is a 7-cycle, 
the cycle type of /3' is (3,3,1), and = oP-. Conjugating G if necessary, we may 

suppose that a' = a. Now = oP in G and in Tq, from which it 

follows that belongs to the centraliser of a. But since a is a complete cycle in S 7 , 
its centraliser is equal to (x). So there exists k e { 0 , 1 ,..., 6 } such that f' = foP, and 
hence G = (oc, f'} = (cc, /3) = Tq as required. □ 

Remark 36. For the purposes of the proof of Proposition 37, we shall study the ele¬ 
ments of the form eixe~^, where e belongs to the centraliser of j 6 in S 7 . This centraliser 
may be seen to be of order 18, and consists of the elements of the form t'( 123)'', where 
T = (1,4,2,5,3, 6 ), 0 < z < 5 and 0 < ; < 2. Let: 



and 


(47) 


A straightforward computation shows that: 

a if y = 0 

(l,2,3)^a(l,2,3)-^'= J ^2 ify = l 

OCX if; = 2, 
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and TOCT ^ = 0 . 2 ^, xcliX ^ = a ^ and ta;iT ^ for all 0 ^ z ^ 5 and 0 ^ < 2. It 
then follows that for all 0 ^ z ^ 5 and 0 ^ < 2 , there exists z e {a,oii,a 2 } such that 
T'(123)'^zr(123)“'^T“* is a generator of (z). 

Proposition 37. Suppose that H is a subgroup of B7/[P7,P7] isomorphic to F. Then H is 
conjugate to a subgroup of the form (x, v), where x is given by equation ( 39 ) and a{v) = a. 

Proof Let H be a subgroup of B7/[P7, P7] isomorphic to T. Since P{H) is a subgroup of 
S7 isomorphic to T by Lemma 9, it follows from Proposition 35 that there exists |0 e S 7 
such that Tq = pW(H)p~^. So if |0 e B 7 /[P 7 , P 7 ] is such that W{p) = p then Hi = pHp~^ 
satisfies P{Hi) = (Fq. Let x,y e Hi be such that u(x) = (3 and = x, where u 
and (3 are given by equation (38). Now /3 = P{x), and since x and x are of order 3 
and have the same permutation. Theorem 5 implies that they are conjugate. So there 
exists Ai e B 7 /[P 7 ,P 7 ] such that AixAj”^ = x. Hence u(Ai)u(x)u(Ai)“^ = P{x), and 
since u(x) = u(x) = (3, we conclude that ^(Ai) belongs to the centraliser of /3 in S 7 . By 
Remark 36, this centraliser is equal to (t, (1,2,3)), and the fact that u(y) = x implies 
that there exists z e {x, Xi, X 2 } such that u(AiyAj"^) is a generator of (z). Let: 


A2 = -< 


0'iO'2 


-1 




-1 


if z = X 
if z = xi 
if z = X 2 . 


Note that A 2 commutes with x, and by equation (47), ^(A^^AiyAj“^A 2 ) is a generator of 
(x). Taking v to be the element of A^^A^ (y) Aj“^A 2 for which W(v) = x, the subgroup 
\f^\ipH(A.f^Aip)~^ is then seen to be equal to (x, v), which proves the proposition. □ 

Theorem 38. The group B 7 /[P 7 ,P 7 ] possesses a unique conjugacy class of subgroups iso¬ 
morphic to T. 


Proof From the proof of Theorem 7, B 7 /[P 7 , P 7 ] possesses a subgroup Hq = (x,vq) iso¬ 
morphic to T, where Vq = Ngy, and Nq = Ai 6 A 3 5 A 2 Let H be a subgroup of 

B 7 /[P 7 ,P 7 ] isomorphic to T. By Proposition 37, up to conjugacy, we may suppose that 
H = (x,v), where a(v) = x = a{y) = P{vo). Thus v = Ny, where N e P 7 /[P 7 ,P 7 ]. Again 
from the proof of Theorem 7, the coefficients piy of N given by equation (42) satisfy the 


systems of equations (45) and (46), and one 
two systems is of rank 6, and is given by: 

^ Pi ,2 = -I'6 + N + I'S - I'Z + 1 

P4,7 = 1-6 - ^3 + ^2 
P3,6 =r3-r2 
Pi,5 = n 

P1,7 = -z-5 - r4 - rs - 1 
^ P4,6 = -J'6 + 1^5 + N + 1^3 - 1^2 
P3,5 = re-ri-r3 + r2 + ri 

PU = H 

P3,7 = -rs -ri-r3 + r 2 
Pi,6 = rs 
, P5,7 = N/ 


lay check that the general solution of these 

pi,3 = -re - ri 

Pi,7 = 1-6 - ^5 - N -1'3 + ^2 

p6,7 = ^5 + r 4 

P 5,6 = -re + r 3 -r 2 -ri 

P2,5 = re+ ri 

ri p2,4 = -r4 - rs + r 2 - 1 (48) 

p3,4 = 1-4 + r 3 + 1 
p 2,6 = r3 

p4,5 = -re -r 2 -ri 

P2,3 = ri 
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where ri,... ,r(, e Z are arbitrary. So choose the values of the r/ so that v = Ny. We 
claim that there exists © e Pj/lPy, P 7 ] such that: 

0x0^^ = X, and (49) 

0r7o©^^ = 'U- (50) 


This being the case, we have H = (x,v) = @ (x, uq) © ^ = ©Hq© in particular H and 
Hq are conjugate in By/[P 7 ,P 7 ], which proves the statement of the theorem. To prove 
the claim, let © = ^ OiyAij. We must determine the coefficients 9iy of © that satisfy 

equations (49) and (50). By equation (44), equation (49) holds if and only if there exist 
Si,..., S 7 e Z such that: 

Si = ^1,2 = ^ 1,3 = ^ 2,3 S2 = 02,7 = 01,7 = 03,7 

S 3 = 03,6 = 02,5 = 01,4 S 4 = 03 5 = 02,4 = 01,6 , 

S 5 = 04,6 = 05,6 = 04,5 S6 = 04,7 = 06,7 = 05,7 

, S 7 = 01,5 = 03,4 = 02 , 6 - 


Equation (50) may be written in the form ©. Nq. y© ^y 
obtain the following system of equations: 


Pl,2 = 01,2 - 03,5 = Si - S4 pi ,3 

Pi,7 = 04,7 - 01,2 = S 6 - Si pi ,7 

P3,6 = 03,6 - 04,7 = S 3 - S 6 P6,7 

Pi, 5 = 01,5 - 03,6 = S7 - S3 p 5,6 


P2,7 = 02,7 - 01,5 - 1 = 82 - 87-1 P2,5 

P4,6 = 04,6 - 02,7 = S 5 - 82 P2,4 

P3,5 = 03,5 - 04,6 + 1 = 84 - 85 + 1 p 3,4 

Pl,4 = 01,4 - 03,5 = S 3 - 81 P2,6 

P3,7 = 03,7 - 01,4 = S 2 - S 3 p 4,5 

Pl,6 = 01,6 - 03,7 + 1 = 84-82 + 1 P2,3 

, P5,7 = 05,7 - 01,6 - 1 = 85 - 84 - 1 . 


^ = N. Using equation (44), we 

= 01 3 - 02,3 = 81-87 
= 01,7 - 01,3 = 82-81 

= 06,7 - 01,7 = S6 - S2 
= 05,6 - 06,7 = S5 - 86 

= 02,5 “ 05,6 = S 3 — S 5 

= 02,4 - 02,5 = S4 - S3 (52) 

= 03,4 - 02,4 = S7 - 84 
= 02,6 - 05,7 = S7 - S6 
= 04,5 - 02,6 = S5 - 87 
= 02,3 - 04,5 = Si - 85 


It remains to show that by choosing the 8 ^ appropriately, we obtain a system of coeffi¬ 
cients that satisfy the equations of system (52). Consider the system: 


^ 81 - 84 = -r6 + r4 + r3 - r2 + 1 

5 6 - Si = ^6 - r3 + r2 

S 3 - S 6 = J-s - U 

5 7 - S 3 = U 

S2 - S7 = -Ts -r^-ro, 

, S5 - 82 = -r6 + r5 + r4 + r3 - r2 - ri. 


(53) 


This system clearly possesses solutions in the sjt in terms of the r/, obtained for example 
by taking 84 to be an arbitrary integer, and by rewriting the other in terms of 84 and 
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the r/. For such a solution, the first six equations of the first column of (52) are satisfied 
using equation (48). Using just (48) and (53), we now verify the remaining equations 
of (52). For example: 

S 4 - S 5 + 1 = - ((Si - S 4 ) + (S 6 - Si) + (S 3 - S 6 ) + (S 7 - S 3 ) + (S 2 - S 7 ) + (S 5 - S 2 )) + 1 

= - {{-re + r 4 + r 3 - r 2 + 1 ) + {re - ^3 + r 2 ) + {rs - r 2 ) + r 2 + 

(-rs - r4 - r3) + (-r6 + rs + r4 + r3 - r2 - ri)) + 1 

=re - r4 - r3 + r2 + ri = 

In a similar marmer, one may check that the right-hand side of each of the equations of 
the system (52) is equal to the left-hand side, using first (53) to express the s^ in terms 
of the r;, and then using (48) to obtain the corresponding p/y. The straightforward 
computations are left to the reader. So with this choice of s^, we obtain values of the 6ij 
using equation (51) for which equations (49) and (50) are satisfied. Conversely, given 
arbitrary e Z and Si,...,S 6 satisfying equation (53), we see that if the pi^j 

are given by equation (52) and the 0,^ are given by equation (51) then equations (49) 
and (50) are satisfied, and this completes the proof of the theorem. □ 

Remark 39. We saw in Theorem 7 that the Frobenius group T embeds in B 7 /[P 7 , P 7 ]. It 
is the only finite non-Abelian subgroup of S 7 of odd order . To see this, besides 3x7, 
which is the order of T, the possible orders of non-Abelian subgroups of odd order of 
S 7 are 3^ x 5, 3^ x 5, 3^ x 7, 3 x 5 x 7 and 3^ x 5 x 7. Further, if H is a subgroup of S„ 
of odd order then it is necessarily a subgroup of A„. Indeed, any element h e H may 
be decomposed as a product of disjoint cycles each of which is of odd length, and so 
it follows that h e An- From the table of maximal subgroups of A 7 given in [CCNPW, 
page 10], we see that S 7 has no subgroup of order 3 ^ x 5 , 3 ^ x 7, 3 x 5 x 7 or 3 ^ x 
5x7, and that if Sy possesses a subgroup K of order 3^ x 5 then K is a subgroup of 
A 5 . It follows from the corresponding table for Ag that there is no such subgroup (see 
[CCNPW, page 4]). 
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